The proofs used the action of these groups on an Euclidean building X and the existence of a filtration of X with highly connected relative links. Since links in Euclidean buildings are spherical buildings, the search for highly connected subcomplexes of spherical buildings was a key problem. Specifically the restrictions on q in the above results have been made to get the desired connectivity properties of the relative links. H. Behr's characterization of finitely generated and finitely presented S-arithmetic groups over function fields [Behr98] , as well as the last chapter of [Abra87] suggested that a generalization of the above results without restrictions on q should be possible. Hence, finding a suitable class of subcomplexes of spherical buildings is a necessary step in carrying out the geometric part of finiteness proofs for S-arithmetic groups over function fields.
In the late 80's, highly connected subcomplexes of spherical buildings gained attention, as P. Abramenko in [Abra87] and H. Abels in [Abel91] independently determined the finiteness length of SL n (F q [t]) provided that q is big enough compared with n. Later on, in [Abra96] , P. Abramenko generalized the result to absolutely almost simple classical F q -groups of positive rank over F q [t] .
The proofs used the action of these groups on an Euclidean building X and the existence of a filtration of X with highly connected relative links. Since links in Euclidean buildings are spherical buildings, the search for highly connected subcomplexes of spherical buildings was a key problem. Specifically the restrictions on q in the above results have been made to get the desired connectivity properties of the relative links. H. Behr's characterization of finitely generated and finitely presented S-arithmetic groups over function fields [Behr98] , as well as the last chapter of [Abra87] suggested that a generalization of the above results without restrictions on q should be possible. Hence, finding a suitable class of subcomplexes of spherical buildings is a necessary step in carrying out the geometric part of finiteness proofs for S-arithmetic groups over function fields.
1 Notations, conventions and recalls
Simplicial complexes
We identify simplicial complexes with their geometric realization. The sets of vertices and simplices of a simplicial complex X will be denoted by vt(X) and S(X), respectively. Simplices are open (in their closure). St σ denotes the star of a simplex σ. The star of a point is the star of the simplex carrying that point.
The link Lk σ of a simplex σ ∈ S(X) is the subcomplex of X whose simplices τ are disjoint from σ but the upper bound σ ∪ τ exists. We will write Lk X σ and St X σ if X is a subcomplex. The join of two simplicial complexes X, Y will be denoted by X * Y .
Construction of spherical simplicial complexes
We adopt the definitions from D. Quillen [Qu78, Section 8] . A simplicial complex is n-spherical (or spherical) if it is n-dimensional and (n-1)-connected.
By convention non empty complexes are (-1)-connected. The empty complex is (-1)-dimensional and (-2)-connected. A simplicial complex X is said to be homotopy Cohen-Macaulay if Lk σ is (dim X − dim σ − 1)-spherical for every simplex σ ∈ S(X) (including ∅ ∈ S(X)).
A commonly used way to show connectivity properties of simplicial complexes is to build these complexes from complexes with known connectivity properties.
An overview of the necessary methods can be found in [Bjö95] . A common method is to build up joins, because the joins of spherical complexes are known To show n-connectedness of a connected simplicial complex, it is sufficient to prove that every finite subcomplex is contained in a n-connected subcomplex, because continuous images of spheres and balls are contained in finite subcomplexes (by compactness). Since the metric topology and the weak topology coincide on finite subcomplexes, one is allowed to use metric topology.
Spherical buildings
Geometrically realized spherical buildings ∆ admit a unique metrication, invariant under automorphisms, such that apartments are isometric to the dim ∆- onto apartments are distance decreasing. We record the precise statement.
1.2 Proposition. The retraction ρ = ρ Σ,C : ∆ → Σ onto Σ centered at C is distance decreasing for every apartment Σ and every chamber C of Σ, i.e.,
As usual, we replace a square bracket by a round bracket if the corresponding endpoint is left out. 1.5 Proposition and defintion. For x, y ∈ ∆ with d(x, y) < π and t ∈ [0, 1] let r ∆ (x, y, t) ∈ [x, y] be the point defined by d(x, r ∆ (x, y, t)) = td(x, y). The map
is continuous with respect to the metric topology.
By the uniqueness of d, the apartments of ∆ are spheres, triangulated by the hyperplanes of a finite essential reflection group, since finite Coxeter complexes can be realized this way. It is clear that roots are closed hemispheres and that walls are the corresponding equators. Hence, σ, τ ∈ S(∆) are opposite if and only if there are points x ∈ σ and y ∈ τ with d(x, y) = π. Although it would be immediate to call such points opposite, two points at distance π are called antipodal.
1.6 Notation. For a point x ∈ ∆ the set of its antipodal points will be denoted by Opp(x). Furthermore we denote Opp * (x) = Opp(x) ∪ {x}.
A subset of ∆ is convex if and only if it is π-convex, this means, if and only if it contains the joining segments for every pair of non antipodal points out of it. The complement of a convex set is said to be coconvex. 
with center x onto the boundary of St x is continuous with respect to the metric topology.
Proof. The map p x is well defined by 1.4. The continuity follows from 1.2 since the restriction p x | Σ is continuous for any apartment Σ that contains x.
For a simplex σ ∈ S(∆), the projection to the star of σ in the sense of [Tits74,
2
.30] will be denoted by proj σ . By definition, proj σ τ is the maximal simplex of St σ ∩ Conv(σ, τ ). The geodesic projection and the combinatorial projection are related by the following lemma.
1.8 Lemma. Let x ∈ ∆ and y ∈ ∆ \ Opp * (x) be points. Let σ and τ be the simplices carrying x and y, respectively. Then (x, p x y) is contained in proj σ τ .
For x ∈ ∆ and y, z ∈ ∆ \ Opp * (x) let x (y, z) denote the angle of the triangle (x, y, z) at x. Since links are spherical buildings and the canonical metric is unique, we get following lemma from [ChLy01, Proposition 2.3 (2)].
1.9 Lemma. The canonical metric on the link of a vertex x is given by x .
The spherical law of cosines [BrHa99, 1.2 Proposition 2.2] relates the length of a side in a spherical triangle to its opposite angle. Using 1.2, geodesic projection, and additionally 1.4 for the "only if"-part, one gets:
1.10 Proposition (Spherical law of cosines). Let x ∈ ∆ be a point and let y, z ∈ ∆ \ Opp * (x). Then:
Equality holds if and only if x, y, and z are contained in an apartment.
If ∆ = ∆ 1 * ∆ 2 is a reducible spherical building, then ∆ is a spherical join, i.e. the inclusions ∆ k ⊂ ∆ are isometric embeddings and the distance of points lying in different factors is π/2. Hence, chambers of reducible spherical buildings contain points at distance π/2.
1.11 Lemma. The length of edges joining two vertices does not exceed π/2.
Proof. We use induction on dim ∆. The case dim ∆ = 1 is clear. Suppose dim ∆ > 1. Let x, y, and z be vertices of a common chamber. By the induction hypothesis and 1.9 the angles x (y, z), y (x, z) and z (x, y) of the triangle (x, y, z) are not obtuse. We therefore get the assertion, since the edges of a spherical triangle without obtuse angles can not be longer than π/2.
1.12 Corollary. The diameter of closed chambers does not exceed π/2. Proof. The assertion follows immediately from the Buekenhout product theorem [Buek81, Theorem 7.3], once we show that C has two complementary faces σ carrying x and τ carrying y such that d(u, v) = π/2, for all u ∈ vt(σ) and v ∈ vt(τ ).
Let u be some vertex of C. By 1.12 we get d(x, u) ≤ π/2 and d(y, u) ≤ π/2.
Furthermore u (x, y) does not exceed π/2 by 1.12 and 1.9. Hence, using the spherical law of cosines on the triangle (x, u, y) we obtain d(x, u) = π/2 or
Now let σ be the face of C whose vertices have distance less than π/2 to x and let τ = C \ σ be the complementary face. Then x lies in σ and y is a point of τ , because the distances from a point to the vertices of the simplex carrying that point are less than π/2. For u ∈ vt(σ) and v ∈ vt(τ ), we know
the spherical law of cosines.
2 Coconvex supported subcomplexes 2.1 Definition. Let Λ be a simplicial complex and let M be a subset of Λ. By Λ(M) we denote the maximal subcomplex of Λ contained in M. We shorten
if and only if Λ ′ admits a support with property (P).
The objects of our observation are the connectedness properties of coconvex supported subcomplexes of spherical buildings. This section is dedicated to the proof of the first main result. Note that coconvex supported subcomplexes are not coconvex in general. But for a coconvex set M and a simplex σ which is not contained in neither M nor its complement, M ∩ ∂σ is a strong deformation retract of M ∩ σ. We can therefore construct a sequence Λ = Λ n ⊇ · · · ⊇ Λ 0 = Λ(M) of subcomplexes such that the maximal dimension of simplices like σ is decreasing and Λ i ∩ M is a strong deformation retract of Λ i+1 ∩ M. This means that coconvex supported subcomplexes are homotopy equivalent to their coconvex supports. We record this observation. Proof. Let x, y ∈ M be antipodal points, contained in some apartment Σ. Then Σ is contained in M, since the convex hull of x together with a neighborhood of y covers Σ. The closure of any chamber C that intersects M is contained in M, since C has an opposite chamber in Σ and we therefore get an apartment in M (as above) containing both. Now the assertion follows by induction on the gallery distance from Σ.
2.4 Notation. If ∼ is one of the relations <, ≤, >, ≥ or = and x ∈ ∆ we put Ω 
Hence, the desired assertion follows from 1.1 a), once
geodesic projection with center x onto the boundary of Σ r ∩ M. Since Ψ r is an union of roots, each of which contains x as an inner point, we know that Ψ r is star shaped with respect to x and does not contain the antipode of x in Σ r .
Therefore the restriction of
inducing a strong deformation retraction
Figure 2: Via geodesic projection with center x we get a) a homotopy equiva-
Σr (x) denote the geodesic projection with center x onto the equator Ω = Σr (x). Note that the restriction of q to ∂(M ∩ Σ r ) is the inverse homeomorphism of p| Ω = Σr (x) and that q = q • p. Furthermore q maps open, convex subsets of Σ r \ Opp Proof. Let A be an arbitrary apartment of Lk x. The convex hull of x, y, and A is an apartment Σ. For a point z ∈ A, the geodesic segment joining x and y going through z is contained in Σ. Therefore Σ contains the preimage of z
Let q be the geodesic projection with center x onto the equator Ω Hence, the assertion follows from 2.6. 
Hemisphere complexes
In this section we will examine some special coconvex supported subcomplexes. Their supports are unions of hemispheres, so the complexes will be called hemisphere complexes. Throughout this section let x be an arbitrary point of ∆. Note that the intersection of Ω ∼ ∆ (x) with apartments containing x is always convex. We therefore get the following observation.
3.3 Observation. Open hemisphere complexes, closed hemisphere complexes and equator complexes are full subcomplexes of ∆.
3.4 Notation. If ∆ is reducible, then ∆ hor (x) denotes the maximal join factor of ∆ that is contained in Ω = ∆ (x) whereas ∆ ver (x) denotes the minimal join factor containing x.
We certainly have ∆ = ∆ hor (x) * ∆ ver (x), since any irreducible join factor that does not intersect the closure of the simplex carrying x lies in Ω = ∆ (x) by 1.13. Now let us have a look at the join decomposition of hemisphere complexes:
Let ∆ = ∆ 1 * ∆ 2 be a reducible spherical building and let ∼ be one of the
) is empty if ∼ is a strong inequality or all of ∆ 2 otherwise. If x is not contained in neither ∆ 1 nor ∆ 2 then there are two unique points x 1 ∈ ∆ 1 and x 2 ∈ ∆ 2 such that x lies inside their joining segment. In this case
points of disjoint factors have distance π/2. There is an apartment containing x, x 1 , x 2 and y. We therefore get from the spherical law of cosines
Hence, d(x, y) ∼ π/2 if and only if d(x i , y) ∼ π/2. We proved: > (x) = dim ∆ ver (x) ≤ dim ∆ by 3.5; and the last inequality is strict if
is not empty. In the sequel we will have to take care of this case.
3.6 Lemma and definition. Let σ be a simplex of
There is a point Proof. At first we will prove the assertion for vertices. Let z ∈ ∆ = (x) be a vertex and let y ∈ Lk z be a point. There is an apartment containing x, y, and z. By the spherical law of cosines and 1.9 we therefore get Proof. Suppose ∆ is irreducible. Let σ be a simplex of ∆ > (x). The idea is to recognize Lk ∆ > (x) σ as a link Lk ∆ ≥ (x ′ ) σ in a closed hemisphere complex (to a slightly perturbed pole x ′ ) and to apply 2.7. The task is to choose x ′ .
Let y be a point of σ.
is finite by 1.2, we may chose a point x ′ on a segment joining x and y such
From the triangle inequality we get the implications For classical buildings one is able to achieve a precise description of the links in hemisphere complexes. Therefore I tried to mimic the sphericity proofs H. Abels and P. Abramenko used in [AbAb93] and [Abra96] , but I was not able to avoid limitations on the thickness of the underlying buildings. This led to a different approach: Starting with a closed hemisphere complex, which is known to be spherical by 3.2, we delete the stars of simplices contained in the equator complex by a filtration such that the boundary of the deleted stars is contractible in the remaining subcomplex (see figure 3) . To do this, we will have to spend some work in advance. 
A filtration of closed hemisphere complexes
Our aim is to define a filtration ∆
) and b) the boundary of the relative star St F k σ is contractible in F k−1 , for any σ ∈ I k . We begin by describing the major obstacle that needs to be overcome: For a point y of the equator complex, suppose there is an antipode z ∈ ∆ > (x).
(In the next subsection we will show that such an antipode exists, provided ∆ is thick.) Any point u ∈ ∂ St ∆ ≥ (x) y is connected to z by a segment. In an ideal world, we could therefore contract ∂ St ∆ ≥ (x) σ inside Ω > (x) by geodesically coning off from z. This idea works sometimes, but if u lies also in the equator, we would like to see (u, z] ⊆ Ω > ∆ (x). This, however, does not always happen. We explain the obstruction.
Let σ be the simplex carrying x and let ϑ denote the simplex carrying u. As 3.8 Definition. For a chamber C ∈ Ch(∆) and a vertex v of C let C v = C \ v denote its complementary face. For a simplex σ ∈ S(∆) let σ = x be its maximal face contained in the equator complex with respect to the pole x. The map
3.9 Lemma. For x, y ∈ ∆ the following statements are equivalent: 
Corollary. Let σ be a simplex of ∆
3.11 Notation. For any simplex σ ∈ S(∆) let λ σ denote the simplicial map
3.12 Lemma. Let τ be a simplex of ∆ = (x) and let σ be a face of τ . Then we
Proof. λ σ identifies St Lk σ τ \ σ with St τ . Note that for any vertex v ∈ vt(τ \ σ)
and any chamber C of St Lk σ (τ \ σ) we have Lk Lk σ C v = Lk(λ σ C) v . By 3.6 we know that (Lk σ) = (p σ x) equals Lk σ ∩ ∆ = (x). Hence, using the definition one 
Proof. We may suppose τ = τ 
τ ) by 3.12 and 3.13.
By lemma 3.14 the R 
Proof. We put ϑ = R x ∆ (σ). According to 3.14 σ\ϑ is a simplex of (Lk ϑ) hor (p ϑ x),
is a face of ϑ by 3.12. Since σ \ ϑ and R x ∆ (σ ∪ τ ) are disjoint, the later is a face of ϑ ∪ τ . From 3.14 we get R Proof. According to 3.14 we have R
and consequently ht(σ) ≤ ht(τ ). By definition, we have either R
τ ) (which means ht(σ) < ht(τ )). 
Constructing subcomplexes of F k
In order to carry dim ∆-sphericity from a stage of our filtration to the previous stage we construct dim ∆-spherical subcomplexes of the previous stage containing the boundaries of the removed relative stars. In this subsection we are going to develop a blueprint for these complexes.
3.21 Notation. For any pair σ op τ of opposite simplices from ∆ and any simplex ϑ of St σ we put
3.22 Lemma. Let σ op τ be opposite simplices of ∆ and let ϑ be a simplex of
Proof. Any face of λ σ ϑ that is not contained in St σ lies in C * . Conversely, let η be a simplex of Conv(λ σ ϑ, proj τ λ σ ϑ) ∩ ∂ St σ. Since σ is opposite to τ , we have
and λ σ η is a face of λ σ ϑ, because proj σ proj τ λ σ ϑ is the unique maximal simplex
3.23 Notation. Let σ op τ be opposite simplices of ∆. For any non empty subcomplex L of St σ we put
3.24 Lemma. Let σ be a simplex of ∆ = (x) and let τ be a simplex opposite to σ.
Proof. Let y ∈ σ be a point and let z be its antipode in τ . From the triangle
is not acute and we obtain d(x, u) ≥ π/2 by the spherical law of cosines.
Proof. Let ϑ be a simplex of C † (σ, L, τ ). Then ϑ ∈ S(∆ ≥ (x)) by 3.24. Either ϑ is a simplex of ∆ > (x), which means ht(ϑ) = 0 < ht(σ), or we have ϑ = x = ∅ (see 3.8). In the latter case ϑ = x is contained in ∂λ σ η \ St σ for some simplex η ∈ S(L) by 3.22. Since σ is not a face of ϑ = x , we get R
In an ideal situation, there would be an opposite τ of σ such that
a join factor that is contained in the equator complex, such an opposite does not exist in general. We will show that We denote the simplex carrying u by ϑ. Finally, we denote the simplex carrying x by ξ and the simplex carrying p y x by χ.
Suppose there is a point u z ∈ [z, u) ∩ St ϑ at distance π/2 to x. By the spherical law of cosines the triangle (u z , y, x) is contained in some apartment.
Then for any u y ∈ (u, y) and any x y ∈ (y, p y x) the segments (x, u y ), (u z , x y ), and (u, p y x) intersect each other. We are able to choose u y and x y such that (x, u y ) ∩ (u z , x y ) is near (u, p y x) but outside the triangle (u, y, p y x). Then the simplex η carrying (x, u y ) ∩ (u z , x y ) is not contained in St σ. Since proj ϑ τ is the simplex carrying u z , we obtain proj ϑ∪χ ξ = η = proj ϑ∪χ proj ϑ τ = proj ϑ∪χ τ by 1.8. Therefore Σ ∩ Σ ′ is not contained in St σ. 3.26 Lemma. Let ∆ be a thick and let Σ ⊆ ∆ be an apartment. If K ⊆ Σ is a non empty, convex chamber subcomplex, then there is an apartment
3.27 Lemma. Let σ = ∅ be a simplex of ∆ = (x) and let τ be opposite to σ. Let
Proof. Recall that we are dealing with open simplices. Therefore, a simplex contained in a closed hemisphere lies entirely in the associated equator, if it carries a point of the equator.
Let u be a point of ∆ = (x) ∩ C ‡ (σ, L, τ ) that is not contained in St σ. Furthermore let y ∈ σ and z ∈ τ be antipodal points. If u = z, then τ = proj ∅ τ is a simplex of ∆ = (x) by 3.24. Hence, suppose u = z. 
Proof. Let ϑ be a simplex of Σ = (x) ∩ ∂ St F (ht(σ)) σ and proj ϑ τ ∈ S(∆ = (x)). At first we show that if suffices to consider the case ϑ = ∅ and τ ∈ S(∆ = (x)).
We have R Since R x ∆ (σ) = σ = ∅, the pole x can not be a point of St σ according to 1.13 and 3.10. Then x is an interior point of [z, p y x]. By 1.8, it follows that proj χ ξ is not contained in St σ and also that proj χ ξ = proj χ τ is a simplex of Σ ∩ Σ ′ .
Corollary. Let ∆ be thick and let
Proof. By 3.26 there is an apartment Σ ′ such that Σ ∩ Σ ′ = St Σ σ. Let τ be the opposite of σ in Σ ′ . Then for any simplex ϑ of Σ = (x) ∩ ∂ St F ht(σ) σ, the projection proj ϑ τ is not a simplex of ∆ = (x) by 3.28. Since
Now, the assertion follows from 3.25.
Since we can not achieve
that has a join factor in the equator complex, it is necessary to cover the boundary of St F ht(σ) σ by subcomplexes. Hence, we need a criterion on dim ∆-sphericity of an union of cones over subcomplexes of ∂ St σ. joining z and its geodesic projection on ∂ St y is contained in Λ. We denote the set of subcomplexes that are quasi-star-shaped with respect to y by Q y .
3.31 Observation. Q y is closed under unions and intersections. Proof. Since C ‡ (σ, ϑ, τ ) is contained in an apartment, there is only one antipode z of y in C ‡ (σ, ϑ, τ ). Certainly z is a point of τ . For any point u ∈ C(σ, ϑ, τ ), the geodesic segment s joining y, z going through u is contained in C ‡ (σ, ϑ, τ ),
3.34 Corollary. Let σ op τ be opposite simplices of ∆ and let L be a subcomplex
3.35 Lemma. Let I = ∅ be an index set and let {L i | i ∈ I} be a family of non empty subcomplexes of Lk σ. Furthermore let {τ i | i ∈ I} be a family of simplices opposite to σ. For subsets J ⊆ I we put
for any i ∈ I and any non empty,
Proof. Since it is sufficient to give a proof for #I < ∞, we use induction on #I. The case #I = 1 is clear by 3.34.
Now assume #I > 1. We put J = I \ {i} and J ′ = {j ∈ J | τ j = τ i } for some i ∈ I. Let y be a point of σ and let α : Lk σ → Lk τ i denote the isomorphism induced by proj τ i . Recall that there is a labeling on ∆. Since all τ j have the same labels, St τ j ∩ St τ l is empty, unless τ j = τ l . Furthermore St τ i ∩ C(J) and St τ i ∩ C({i}) are empty. We therefore get
The second complex of this union is contractible, since it is a cone with tip in τ i . According to 3.33 and 3.31, the first complex is contained in Q y ; and by 3.32 and 3.22, it is homotopy equivalent to the (dim ∆ − 1)-spherical complex
by 1.1 a). Hence, C † (I) is dim ∆-spherical by the induction hypothesis, 3.34
and again by 1.1 a).
Proof of Theorem B
Now we have got all pieces that are needed to complete the proof of theorem B.
3.36 Proposition. Open hemisphere complexes of thick, spherical buildings are spherical.
Proof. Suppose ∆ is thick. We use induction on If ∆ hor (x) = ∅, we are done by 3.5 and the induction hypothesis. Hence, assume ∆ hor (x) is empty. We show that for any non empty simplex σ of im R
there is a complex K σ fullfilling the following two conditions.
Assuming, we have such K σ , we argue as follows: For 1 ≤ k ≤ d + 1, let I k denote the set of simplices from im R x ∆ at height k. Since St F k σ ∩ St F k τ = ∅, for σ, τ ∈ I k with σ = τ by 3.20, we obtain by the first condition:
Then F k−1 is dim ∆-spherical provided the same holds for F k , by 1.1 b) and the second condition. Recall that ∆ hor (x) is empty. Hence,
It remains to find the complexes K σ . Let σ be a non empty simplex of im R and C † (σ, L * A, τ A ) = C ‡ (σ, L * A, τ A ) ∩ F ht(σ)−1 . We define
Then K σ is a subcomplex of F ht(σ) , and K ′ σ = K σ \ St σ is its intersection with F ht(σ)−1 . From 3.20, we know that Lk F ht(σ) σ = L * L h . Since L h is covered by A, the link of σ in K σ is also L * L h . Therefore, the stars of σ in K σ and F ht(σ) coincide. Hence, K σ = St F ht(σ) σ ∪ K 
